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A remark on our paper “Negative
holomorphic curvature and
positive canonical bundle”

DAMIN WU AND SHING-TUNG YAU

This is a continuation of our first paper in [WY16]. There are
two purposes of this paper: One is to give a proof of the main
result in [WY16] without going through the argument depending
on numerical effectiveness. The other one is to provide a proof of
our conjecture, mentioned in [TY], where the assumption of nega-
tive holomorphic sectional curvature is dropped to quasi-negative.
We should note that a solution to our conjecture is also provided
by Diverio-Trapani [DT]. Both proofs depend on our argument in
[WY16]. But our argument here makes use of the argument given
by the second author and Cheng in [CY75].

The proof of Theorem 1 below is obtained by us in 2015, and
has been distributed in the community; e.g. it was presented by
the second author in the birthday conference of Richard Schoen
on June 21, 2015. We have also settled the complete noncompact
case, which, together with applications, will appear soon.

1. Negative holomorphic sectional curvature

By using the argument in [WY16], we can directly derive the following result
in the Kéahler setting, without using the notion of nefness.

Theorem 1. Let (X,w) be a compact Kdihler manifold with negative holo-
morphic sectional curvature. Then X admits a Kdhler-Einstein metric of
negative Ricci curvature. In particular, the canonical bundle of X is ample.
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Proof. For t > 0, consider the Monge-Ampere type equation
(MA), (tw + ddlog ™ + dd°u;)™ = e“*w™.

Since w >0 and X is compact, there exists a sufficiently large constant
t1 > 1 such that t;w + dd®logw™ > 0 on X. Fix an nonnegative integer k
and 0 < a < 1. Denote by C**(X) the Hélder space with respect to fixed
metric w. Define

(1) I={te][0,t]]thereis au; € CF 2%(X) satisfying (MA); and
tw + dd°logw" + dd“u; > 0}.

First, note that I # (), since t; € I. Indeed, (MA);, can be written as
(t1w + dd°log w™ + dd°u;, )" = e T (t1w + dd° log w™)™,

where

wn

tiw + dd¢logw™)™

J1=log ( C=(X).
Applying [Yau78] obtains a solution u;, € C*°(X).

That I is open in [0, ;] follows from the implicit function theorem. In-
deed, let ty € I with corresponding function uy, € C*t2%(X). Then, there
exists a small neighborhood J of tg in [0,¢1] and a small neighborhood U of
ug, in CF¥2(X) such that

tw+ ddlogw™ + dd“v >0 forallt e Jand v e U.

Define a map ® : J x U — C**(X) by

Bt v) = log (tw + dd°logw™ + dd°v) .

wn

Then, the linearization is given by

d
q)uto (to,uto)h = df(I)(t[),’U,tO + Sh) = (Ato — 1)h
S s=0

which is invertible from C*+2%(X) to C*(X), where Ay, stands for the
Laplacian of metric tow + dd®logw™ + dd“u;,. Thus, we can apply the im-
plicit function to obtain the openness of I.
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The closedness is contained in the proof of Theorem 7 in [WY16]. More
precisely, for t € I we denote

nw™ A w

n b
W

wy = tw + ddlogw™ + dd°us, and S =

Then (MA); becomes wy® = e™*w™. It follows that
ddlogw;' = ddlogw™ + ddu; = wy — tw.
It follows from [WY16, Proposition 9] that

2) A'log S > [t+(”+1>’15—1,
n 2n

where A’ is the Laplacian of w; and xk > 0 is a constant such that — is the
upper bound of the holomorphic sectional curvature H(w) of w. Thus,

- 2n
~ rk(n+1)

On the other hand, applying the maximum principle to (MA); yields

maxu; < C,
X

where C' > 0 is a generic constant independent of ¢. It follows from the same
process in [WY16] that

el < C.

This shows the closedness of . In particular, 0 € I with corresponding ug €
C°(X). This gives us the desired Kéhler-Einstein metric dd®log w™ 4 dd“uy.
O

2. Quasi-negative holomorphic sectional curvature

In this section we seek to extend Theorem 1 to the case (X,w) has quasi-
negative holomorphic sectional curvature, i.e., the holomorphic sectional cur-
vature of w is less than or equal to zero everywhere on X and is strictly
negative at one point of X. This curvature condition is considered in our
earlier work joint with P. M. Wong [WWY12]. We can prove the following
result (compare [DT]):
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Theorem 2. Let (X,w) be a compact Kahler manifold with quasi-negative
holomorphic sectional curvature. Then

(3) / Cl(Kx)n > 0.
X
The proof uses the following two lemmas.

Lemma 3. Let © be a (1,1) form on a compact Kdihler manifold (X,w)
which admits a smooth potential on every coordinate chart U, i.e., © =
dd°hy for some hy € C®°(U). Then for any smooth function u on X satis-
fying © + dd°u > 0 on X,

/eﬁ(umaxxu)wn <C,
X

where 8 and C' are positive constants depending only on © and w.

The proof of Lemma 3 is essentially a globalization of the local estimate
in [Ho6r90, p. 97, Theorem 4.4.5] via the Green’s formula on a compact
manifold, which becomes standard by now. In fact, Lemma 3 has been known
to the second author since the late 1970s.

The next lemma can be viewed as a special case of the second author
with Cheng [CY75, p. 335, Theorem 1].

Lemma 4. Let v be a negative C? function on a compact Kdhler manifold
(X,w). Suppose the Laplacian A,v > —p for some continuous function ¢
on X. Then,

1
[ wog-o)ur < s [ ol
X minx (—v) Jx
Proof of Lemma 4. Note that
A
Alog(~v) = = — [V log(~v)[*,
v
where we abbreviate A = A,. Integrating both sides against w™ over X

yields
JA T e
X x v x min(—v)

which is the desired estimate. O
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Corollary 5. Let © and u satisfy the condition of Lemma 3. That is, let ©
be a (1,1) form on a compact Kihler manifold (X,w) admitting a smooth po-
tential on every coordinate chart U, and let u € C*°(X) satisfy © + dd“u > 0
on X. Then v =u — maxx u — 1 satisfies

(4) /X [ log(—v) " + /X Vlog(—v)wr < C

where C' > 0 is a constant depending only on © and w. Consequently, for
any sequence {u}7°, of smooth functions on X satisfying © + dd°u; > 0,

the sequence
[ee]
log (1 + max u; — ul> }
{ X =1

is relatively compact in L*(X).
Proof of Corollary 5. By the hypothesis © 4+ dd“u > 0 we have
Aju > —tr,0.

Applying Lemma 4 to v = u — maxyx u — 1 yields

/]Vlog(—v)|2w"§/ [tr,©|w™,
X b's

since minx (—v) = 1. To bound the L2-norm of log(—v), recall Lemma 3 that

/ efﬂ(ufmaxxufl)wn < C/ eﬁwn
X X

where the constants C' > 0 and 8 > 0 depend only on © and w. Observe that

t>logt, forallt>1.

Then,
et > ?\]fv' > (IO%)N forall N >0, ¢ > 1.
Hence,
A=) > [log(—v)]V?
(NP

Choose a large integer N such that N3 > 2. Since 8 depends only on © and
w, so is N. Applying Hélder’s inequality, if needed, yields

/ log(~v)2w" < C1,
X
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where C1 > 0 is a constant depending only on © and w. Therefore, we have
established inequality (4), which implies the second statement, in view of the
standard Rellich Lemma (see [Heb99, p. 37, Theorem 2.9] for example). [

Let us now proceed to show Theorem 2.

Proof of Theorem 2. We shall use the continuity method, as in the proof of
Theorem 1. Let u; € C*°(X), t > 0, be the solution of

wi = (tw + ddlogw™ + ddu)" = e“1w"

with wy = tw + dd€logw™ 4+ dd°u; > 0 on X. Let I be the interval defined
by (1) in the previous proof. Then, I contains a large number ¢; and [ is
open, by the same argument in the proof of Theorem 1.

We claim that [ contains every ¢ in the interval (0,¢;] provided that
the holomorphic sectional curvature H(w) < 0 (which, in particular, implies
that Ky is nef if H(w) < 0; compare [TY]). Fix an arbitrary t2 € (0,¢;). For
any to <t <tp, by (2) we have

Alog § > [t+(”+1)“}5—1z’55—1,
n 2n n

since H(w) < —k with K > 0 on X. By the standard maximum principle,

for all t > to.

On the other hand, applying the maximum principle to the Monge-Ampere
equation yields

(5) max uy < C forallt>0.

Here and below, we denote by C' > 0 a constant depending only on n and
w, unless otherwise indicated. Proceeding as [WY16] yields

CthSthtni—lw
2
and
infu; > C'logts.
IX ut =2 212

This implies the estimate for u; up to the second order. The estimate con-
stants may depend on to, which is fixed. One can then apply, either the local
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Holder estimate of the second order, or the third order estimate, to obtain
a bound for the C%(X)-norm of u;; and hence a bound for C*%(X)-norm
of u¢. The bound may depend on t5. This show the closedness of I up to the
subinterval [to, t1]. In particular, to € I. Since t9 is arbitrary, we have proven
the claim.

Using the claim, to prove (3) it is equivalent to show

(6) limsup/ wi' >0,
b's

t—0

since
/ o = / o1 (Kx)™ + nt/ e (Kx)"™ Aw+ O(t2)
X X X
as t — 0. Using inequality (2) again we have

(n+ 1)k
2n

(n+ 1)k

A'log S >

1> maxx )

o (-
n

where we apply the Netwon-Maclaurin’s inequality

> no, V" =ne /" > 0.
On

Integrating against wj® over X yields

wTL
M ep(-2Exm) oS
" 5y e

fX exp(up — maxy uy — 1)w"

"T‘fomexp(ut —maxy uy — 1) wn’

Since tjw + dd€log w™ + dduy > w > 0 for each 0 < ¢t < t1, applying Corol-
lary 5 with © = tjw + dd®logw™ yields that the set

{log <1 +m)f(1xut —ut> 0<t < tl}

is relatively compact in L?(X). Then, a sequence {log(1+maxx us, —uz, )},
converges in L%(X) to a function w € L?(X). The standard LP theory (for
any 1 < p < +o0; see [AF03, p. 30, Corollary 2.7] for example) implies that
a subsequence, still denoted by {log(1l + maxx u;, — uy,)}, converges to w
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almost everywhere on X. It follows that
exp (utl — maxuy — 1) — exp(—e")

almost everywhere on X, as | — 400. Since exp(u, — maxx ut, — 1) <1 for
each [, it follows from the Lebesgue dominated convergence theorem that
exp(—e¥) € L'(X) and

/ exp(uy, — maxuy, — 1) w" — / exp(—e”)w"™ > 0.
X X b'e

Moreover, since £ > 0 on X and x > 0 in an open subset of X, we have
/ kexp(uy, —maxuy, — 1) w" — / rkexp(—e”)w" > 0.
X X X

Plugging these back to (7) yields

(8) lim (maxut,> > —C,
l—+o00 X
where the constant C' > 0 depends only on n and w.

From (8) we have two slightly different ways to conclude (6). For the first
way, note that combining (8) and the previous upper bound (5) we know the
constant sequence {maxx uy, };°, is bounded. Thus, by further passing to a
subsequence we can assume uy, converges to (—e" + ¢) almost everywhere
on X, where ¢ is a constant. By the upper bound (5) we can apply the
Lebesgue dominated convergence theorem to conclude

[t= [ emor s [ exp(-ev 4 un >0
X X X

as | — 4o0. This proves the desired (6).
A second way to see (6) is to plug (8) back to the integral inequality in
Lemma 3 (with © = tjw + dd®logw™). This gives

/ e Py < ¢ for all | > 1,
X
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where 8 > 0 is a constant depending only on w. It follows that

/ / e 13+1 tleﬂ+1 Wiy )1
1 B
1 B+1
< ( / eﬁutt) < / e"”w”) (by Holder’s inequality)
X X
_B_
1 B+1
con(f2)"
X
B+1

/wg>c_1/6 </ wn> " 50, foralll>1.
X X

This again confirms (6). The proof of Theorem 2 is therefore completed. [

Hence,

Corollary 6. Let (X,w) be a compact Kdhler manifold with quasi-negative
holomorphic sectional curvature. Then, the canonical bundle Kx is ample.

Proof. 1t is well-known that X contains no rational curve if the holomorphic
curvature is nonpositive (see [Roy80, p. 555, Corollary 2] for example). If
X is projective, then Theorem 2 implies Ky is ample, in view of [WY16,
Lemma 5]. When X is Ké&hler, Theorem 2 implies Kx is big, by [MMO07,
p. 114, Corollary 2.3.38, or Corollary 2.4.2], as we have shown Kx is nef in
the proof. Thus, X is Moishezon, as a consequence of the standard fact (see
[MMO7, p. 88, Theorem 2.2.15] for example). Then, a theorem of Moishezon
tells us that X is projective (see [MMO7, p. 95, Theorem 2.2.26] for example);
hence, Kx is ample by reducing to the projective case. U

Appendix A. On the relative compactness

After this paper uploaded in arXiv, we realize that Corollary 5 (and also
Lemma 4) can be replaced by Lemma 7 below, for which we only need
the case p =1. The proof of Lemma 7 does not need Lemma 3; in fact,
Lemma 7 only requires a lower bound for A,v, which is much weaker than
the semipositivity of © 4+ ddv in Corollary 5. As a consequence, Lemma 3
can be bypassed in the proof of Theorem 2.
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Lemma 7. Let (X,w) be an n-dimensional compact Kihler manifold, and
let v be a negative C? function satisfying the Laplacian inequality

Aw’l) Z —C()

for some constant Cy > 0 on X. Then, for any 1 < qg<n/(n—1),

(/. ey " [ v ios-u)
1

<C [ + min log(—v)}

minx (—v)
where C' > 0 is a constant depending only on n, w, q and Cy. Consequently,
if a sequence {v}°, of C? functions v, satisfies Ayv; > —Cyp, and —Cy <
maxyx v; < —C1 for some positive constants Cy, C1, Co independent of [,
then the sequence {log(—v;)};2, is relatively compact in LP(X) for each 1 <
p<2n/(2n —3).

Proof. As in the proof of Lemma 4 we integrate
—-A
(A.1) Alog(—v) = _7;) — |V log(—v)|?

to obtain

Co
V log(—wv 2c,u"<_/ w™.
/X Viog(—v) 2" < o |

On the other hand, it follows from (A.1) that

Alog(—v) < _L on X.
minx (—v)
Applying the standard weak Harnack inequality (see for example [GTO1,
p. 194, Theorem 8.18]) yields that, for any 1 < ¢ < (2n)/(2n —2) =n/(n —
1),
0 n 1/q ) 1
</X | log(—v)|9w > <C [n}gn log(—v) + minx (—0)

where C' depends only on n, q, Cy, and w. Combining these two estimates
yields the desired inequality. In particular, log(—v) belongs to the Sobolev
space W14(X) for any 1 < ¢ < n/(n —1). Then, the second statement fol-
lows immediately from the standard Rellich-Kondrakov theorem (see [Heb99,
p. 37, Theorem 2.9] for example), where p < 2ngo/(2n — qo) with go = n/(n —

1) gives p < 2n/(2n — 3). O
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